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Abstract
The dynamics of five-dimensional Chern–Simons theories is analyzed. These theories are characterized by intricate self cou-
plings which give rise to dynamical features not present in standard theories. As a consequence, Dirac’s canonical formalism
cannot be directly applied due to the presence of degeneracies of the symplectic form and irregularities of the constraints on
some surfaces of phase space, obscuring the dynamical content of these theories. Here we identify conditions that define sectors
where the canonical formalism can be applied for a class of non-Abelian Chern–Simons theories, including supergravity. A fam-
ily of solutions satisfying the canonical requirements is explicitly found. The splitting between first and second class constraints
is performed around these backgrounds, allowing the construction of the charge algebra, including its central extension.
 2005 Elsevier B.V. Open access under CC BY license.1. Introduction
The best known gauge theories whose dynamical
field is a connection on a fiber bundle are described by
Yang–Mills and Chern–Simons (CS) actions. Three-
dimensional CS theories are topological and also pro-
vide descriptions for gravitation and supergravity [1,
2]. There also exist gravity theories in higher odd di-
mensions described in terms of CS actions [3,4]. For
negative cosmological constant, in five dimensions the
locally supersymmetric extension was found in [5],
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Open access under CC BY license.and for higher odd dimensions in [6–8]. For vanishing
cosmological constant supergravity theories sharing
this geometric structure have also been constructed
in [9–11]. However, this elegant geometrical setting
leads to a rich and quite complex dynamics. Indeed,
for the purely gravitational sector, the Lagrangian in
D = 5 dimensions, apart from the Einstein–Hilbert
Lagrangian, also contains the Gauss–Bonnet term
which is quadratic in the curvature, while for D  7
additional terms with higher powers of the curvature
and explicitly involving torsion are also required.
CS theories for D  5 have been studied in differ-
ent contexts (see, e.g., [12–14]), and are not necessar-
ily topological theories but can contain propagating
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depends on the location in phase space, and can drasti-
cally change from purely topological sectors to others
with different numbers of local degrees of freedom.
Sectors where the number of degrees of freedom is not
maximal are degenerate and on them additional local
symmetries emerge [16].
Furthermore, the symmetry generators in CS the-
ories may be functionally dependent in some regions
of phase space. Sectors where this happens are called
irregular [17,18]. Around irregular configurations the
standard Dirac procedure, required to identify the
physical observables (propagating degrees of freedom,
conserved charges, etc.), is not directly applicable.
Furthermore, the naive linearization of the theory fails
to provide a good approximation to the full theory
around irregular backgrounds [19,20].
Degeneracy and irregularity are two independent
conditions which may occur simultaneously in CS the-
ories, and it is not yet fully understood how to deal
with them. Irregular sectors are also found in the Ple-
banski theory [21]. Although these features are rarely
found in field theories, they naturally arise in fluid dy-
namics, as in the description of vortices through the
Burgers equation [22], or in transonic wave propaga-
tion in compressible fluids described by the Chaplygin
and Tricomi equations [23].
The presence of degenerate and irregular sectors
obscures the dynamical content of these theories, as
Dirac’s canonical formalism cannot be directly applied
to them. In Section 2, for simplicity we consider a non-
Abelian CS theory in five dimensions, which captures
the dynamical behavior without loss of generality. In
Section 3, we identify conditions that define canonical
sectors, that is, those where the canonical formalism
can be applied, and a family of solutions satisfying
the canonical requirements is explicitly found. In Sec-
tion 4, the splitting between first and second class con-
straints is performed around these backgrounds, allow-
ing the construction of the charge algebra, including
its central extension. Section 5 contains the discussion
and outlook.
2. Dynamics
Chern–Simons Lagrangians describe gauge theo-
ries for a Lie-algebra-valued connection A = AK ×µGK dxµ where K = 1, . . . ,∆, and ∆ is the dimension
of the Lie group. The five-dimensional Chern–Simons
form is such that its exterior derivative is an invariant
6-form,
(1)dL = k〈F3〉= kgKLMFK ∧ FL ∧ FM,
where F = dA + A ∧ A = FKGK is the field strength
2-form and k is a dimensionless constant. Here 〈· · ·〉
stands for a symmetrized1 trilinear invariant form,
which defines the third rank invariant tensor gKLM =
〈GK,GL,GM 〉. The action is2
(2)I [A] =
∫
M
L(A) = k
∫
M
〈
AF2 − 1
2
A3F + 1
10
A5
〉
,
where M is a five-dimensional manifold. The field
equations read
(3)〈F2GK 〉= 0.
2.1. Warming up with the linearized approximation
Non-Abelian CS theories are characterized by in-
tricate self couplings which give rise to dynamical
features not present in standard theories. These non-
trivial properties can be captured in the linearized the-
ory in five dimensions. The action in the linear approx-
imation around a background solution A¯ has the form
I [A¯ + u] = I [A¯] + Ieff[u], where the effective action
is3
Ieff[u] = 3k
∫
M
〈
uF¯∇¯u〉
(4)=
∫
d5x
(
1
2
uKi Ω¯
ij
KL∇¯0uLj − uK0 CK − h
)
,
with the “potential” h(u) ≡ 3kεijklgKLMuKi F¯ L0j ∇¯kuMl
and the covariant derivative ∇¯u = du + [A¯,u]. The
constraint CK is given by
(5)CK = Ω¯ijKL∇¯iuLj ,
1 In case of a superalgebra, the standard (anti)symmetrized form
is assumed.
2 Hereafter, wedge products between forms will be omitted.
3 The five-dimensional manifold is assumed to be topologically
R⊗ Σ , and the coordinates are chosen as xµ = (x0, xi ), where xi ,
with i = 1, . . . ,4 correspond to the space-like section Σ .
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(6)Ω¯ijKL ≡ ΩijKL(F¯ ) = −3kgKLMεijklF¯Mkl ,
which explicitly depends on the curvature.
Thus, the time evolution of the perturbations uKi de-
pends on the background field strength, F¯ Kkl , and hence
the dynamics is crucially sensitive to the particular
background around which it is explored. Overlook-
ing this issue may lead to the paradoxical situation
that the linearized theory around some backgrounds
may seem to have more degrees of freedom than the
fully nonlinear theory [19]. This is due to the fact that
around those backgrounds, the linear approximation
eliminates some constraints from the action.
Since the rank of Ω¯ is not fixed, the number of
dynamical degrees of freedom can change throughout
phase space:
Generic configurations have maximal rank of Ω¯
and form an open set in phase space. The theory
around this kind of configurations has maximal num-
ber of degrees of freedom [15].
Degenerate configurations are the ones for which
the rank of Ω¯ is not maximal so that they have ad-
ditional gauge symmetries, and thus fewer degrees of
freedom.
On the other hand, not only the rank of the sym-
plectic form can vary, but the linear independence of
the constraints CK is not guaranteed either, and can
fail on some backgrounds.
If the constraints CK are independent, the sector is
regular. This is the case in all standard theories. How-
ever, in CS theories, the constraints CK can become
dependent on some backgrounds, and these sectors are
called irregular.
In an irregular configuration, there is always a lin-
ear combination of C’s that identically vanishes. Con-
sequently, in the linear approximation the number of
degrees of freedom seems to increase in irregular sec-
tors. However, this is an illusion induced by using the
linear approximation which is no longer valid in this
case. Moreover, the Dirac approach is not directly ap-
plicable in irregular sectors [24].
Indeed, careful analysis of the full non-linear the-
ory shows that the number of degrees of freedom can-
not increase. This is discussed in the next section.2.2. Nonlinear dynamics
The field equations (3) can be written as
(7)εµνλρσ gKLMFLµνFMλρ = 0.
Therefore, the field equations (7) split into the dynam-
ical equations,
(8)ΩijKLFL0j = 0,
and the constraints,
(9)CK = 14Ω
ij
KLF
L
ij ≈ 0.
The symplectic matrix ΩijKL(F ), defined in Eq. (6),
is a 4∆ × 4∆ array with indices ( i
K
)
and
(
j
L
)
with at
least four zero modes (since ΩijKLFLjk = δikCK ≈ 0),
corresponding to the spatial diffeomorphisms. The ex-
istence of these four zero modes implies that the rank
of Ω cannot exceed (4∆ − 4) [15].
As in the linearized approximation, the symplectic
matrix is a function of the field strength FKij , its rank
is not necessarily constant throughout phase space.
A configuration is said to be generic if Ω has maxi-
mum rank, 4∆ − 4. Configurations of lower rank are
degenerate; they have additional gauge symmetries
and, consequently, fewer degrees of freedom. For ex-
ample, any “vacuum” solution FK = 0 is maximally
degenerate since the symplectic form vanishes on it
and hence no local excitations can propagate around
these configurations. Since the rank cannot change un-
der small deformations, generic sectors form open sets
in field space, whereas degenerate configurations de-
fine sets of measure zero.
Regular configurations are those on which the con-
straints CK = 0 are functionally independent, that is,
they define a smooth surface with a unique tangent
space on an open set around the configuration.4 This
means that the variations
(10)δCK = 12Ω
ij
KLδF
L
ij ,
at a regular configuration, are ∆ linearly independent
vectors in phase space. Consequently, regularity is sat-
isfied if the Jacobian of Eq. (10) has maximal rank, ∆,
4 Regular configurations also form open sets in field space, while
irregular ones form sets of measure zero.
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trix with indices (K) and
(
ij
L
)
.
Note that genericity does not imply regularity, and
vice-versa. This is because in one case the components
Ω are regarded as the entries of a square matrix and,
in the other, as the entries of a rectangular one.
Dirac’s Hamiltonian formalism requires that, in an
open set, the symplectic matrix be of constant rank and
the constraints be functionally independent. Hence, we
call canonical sectors of phase space those that are
simultaneously generic and regular, because that is
where the canonical formalism applies without mod-
ifications. Around degenerate or irregular configura-
tions, the dynamical content of the theory requires ex-
tending Dirac’s formalism as in [16,18].
3. Canonical sectors
The identification of the canonical sectors for a
Chern–Simons theory in general is a non-trivial task.
However, a little bit of information about the group
and the invariant tensor allows, in some cases, to iden-
tify these sectors. Let us split the generators as GK =
{GK¯ ,Z}. If the group admits a third rank invariant ten-
sor gKLM such that gK¯L¯z := gK¯L¯ is invertible, and
gK¯zz = 0, then the search for canonical sectors if much
simpler. These conditions are trivially fulfilled by a
non-Abelian group of the form G = G˜ ⊗ U(1), and
also apply to a larger class of theories including su-
pergravity, for which the relevant group is super AdS5,
SU(2,2|N).
Thus, the symplectic matrix reads
Ω
ij
KL =
(
Ω
ij
K¯L¯
Ω
ij
K¯z
Ω
ij
L¯z
Ω
ij
zz
)
(11)
= −3kεijkl
(
gK¯L¯M¯F
M¯
kl + gK¯L¯F zkl gK¯M¯F M¯kl
gL¯M¯F
M¯
kl αF
z
kl
)
,
where α := gzzz.
Consider the following class of configurations,
(12)Ωij
K¯L¯
= non-degenerate, det(Fzij ) = 0.For this kind of configurations, the rank 	(ΩKL) =
	(ΩK¯L¯) = 4∆−4, and therefore, they provide generic
backgrounds.5
Among the configurations (12), the regular ones are
those for which the variations of the constraints (10)
are linearly independent, and this depends on the value
of α,
δCK¯ =
1
2
Ω
ij
K¯L¯
δF L¯ij +
1
2
Ω
ij
K¯z
δF zij ,
(13)δCz = 12Ω
ij
K¯z
δF K¯ij −
3
2
kαεijklF zij δF
z
kl .
If the (∆ − 1) × 6(∆ − 1) block Ωij
K¯L¯
is non-
degenerate, δCK¯ represent ∆− 1 linearly independent
vectors expressed as a linear combination of δF K¯ . The
problem of regularity then, reduces to the question of
linear independence of the vector δCz relative to the
δCK ’s.
If α = 0, the block Ωzz is non-vanishing, so that
δCz in (13) always contains the term proportional to
δF z, giving a vector linearly independent from δCK¯ .
Therefore, one concludes that:
For α = 0, the dynamics of the sectors defined by
open sets around configurations of the form (12) is al-
ways canonical.
However, for α = 0, the variations of Cz do not de-
pend on Fz but on the remaining components FK¯ . In
particular, note that for a configuration with FK¯ = 0,
the block Ωij
K¯L¯
= −3kεijklgK¯L¯F zkl is invertible and
hence, this configuration is generic. However, this con-
figuration is irregular because δCz = 0. One therefore
concludes that:
For α = 0, the theory contains additional irregular
sectors which do not exist if α = 0. Thus, a necessary
condition to ensure regularity for configurations of the
form (12), for α = 0, is that at least one component of
FK¯ does not vanish.
In a canonical sector the counting of degrees of
freedom can be safely done following the standard
5 This can be explicitly seen from 	(Ωij
KL
) = 	(Ωij
K¯L¯
) +
	(Σij ), where the matrix Σij vanishes for CM ≈ 0, as it is given
by Σij = (δi
k
Cz − Ωil
zK¯
(Ω−1)K¯L¯
lk
CL¯)ε
jknmFznm, and Ω−1 is the
inverse of the invertible block Ωij only.K¯L¯
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∆ − 2 [15].
A simple example of a solution of the constraints in
the canonical sector is one whose only non-vanishing
components of F K¯ is
(14)FK¯12 dx1 ∧ dx2 = 0,
for at least one K¯ and
(15)Fz34 = 0, with det
(
Fzij
) = 0.
4. Constraints and charge algebra
The canonical sectors satisfy all conditions neces-
sary for the Dirac formalism to apply. That is, the
first and second class constraints can be clearly de-
fined and the counting and identifying of degrees of
freedom can be explicitly done [25]. The explicit sepa-
ration between first and second class constraints might
be extremely difficult or impossible to carry out. This
obstacle prevents, among other things, the canonical
construction of the conserved charges.
The advantage of the class of canonical sectors
described above, is that this splitting can be per-
formed explicitly and, as a consequence, the conserved
charges and their algebra are obtained following the
Regge–Teitelboim approach [26].
4.1. Hamiltonian structure
The Hamiltonian formalism applied to CS systems
was performed in [15] and can be easily extended to
the supersymmetric case [19]. The action in Hamil-
tonian form reads
(16)I [A] =
∫
d5x
(LiKA˙Ki − AK0 CK),
where the constraints CK are defined in (10),
(17)
LiK ≡ kεijklgKLM
(
FLjkA
M
l −
1
4
fNS
MALj A
N
k A
S
l
)
,
and fNSM are the structure constants of the Lie group.
Additional constraints arise from the definition of the
momenta,
(18)φiK = πiK −LiK ≈ 0,and they satisfy
(19){φiK,φjL}= ΩijKL.
Since the symplectic matrix ΩijKL has at least four null
eigenvectors, some φ’s are first class and the explicit
separation cannot be performed in general. However,
for the class of canonical configurations described in
the previous chapter, it is possible to separate them as
(20)
First class: GK = −CK + ∇iφiK ≈ 0,
Hi = Fzij
(
φ
j
z − φkK¯
(
Ω−1
)K¯L¯
kl
Ω
lj
L¯z
)
= FKij φjK ≈ 0,
Second class: φi
K¯
≈ 0,
where ∇iφiK = ∂iφiK + fKLMALi φiM , is the covariant
derivative, and the constraints GK satisfy the algebra
(21)
{GK,GL} = fKLMGM,
{
GK,φ
i
L
}= fKLMφiM.
The constraints GK and Hi are generators of
gauge transformations and improved spatial diffeo-
morphisms, respectively.6 The second class constraints
can be eliminated by introducing Dirac brackets,
{X,Y }∗ ≡ {X,Y } −
∫
Σ
d4x
{
X,φi
K¯
(x)
}(
Ω−1
)K¯L¯
ij
(x)
(22)× {φj
L¯
(x), Y
}
,
and the reduced phase space is parametrized by
{AK¯i ,Azi ,πiz}.
4.2. Conserved charges
The separation (20) allows the construction of
the conserved charges and the algebra following the
Regge–Teitelboim approach [26]. The symmetry gen-
erators are
(23)GQ[λ] = G[λ] + Q[λ],
where
(24)G[λ] =
∫
Σ
d4x λKGK,
6 An improved diffeomorphism, δξAKµ = FKµνξν , differs from
the Lie derivative by the gauge transformation with λK = −ξµAK .µ
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well-defined functional derivatives. According to the
Brown–Henneaux theorem, in general the charge al-
gebra is a central extension of the gauge algebra [27],
(25){Q[λ],Q[η]}∗ = Q[[λ,η]] + C[λ,η],
where [λ,η]K = fLMKλLηM .
Thus, being in a canonical sector allows writing the
charges as (see Appendix A),7
(26)Q[λ] = −3k
∫
∂Σ
gKLMλ
KF¯LAM,
where F¯ is the background field strength and the para-
meters λK(x) approach covariantly constant fields at
the boundary, and the central charge is
(27)C[λ,η] = 3k
∫
∂Σ
gKLMλ
KF¯L dηM.
The charge algebra can be recognized as the WZW4
extension of the full gauge group [28]. In an irregular
sector the charges are not well defined and the naive
application of the Dirac formalism would at best lead
to a charge algebra associated to a subgroup of G.
5. Discussion
Configurations in the canonical sectors satisfy all
necessary conditions to safely apply the Dirac formal-
ism to five-dimensional CS theories. The identification
of these sectors in CS theories considered here, al-
lows the explicit separation of first and second class
constraints. Consequently, the conserved charges and
their algebra are constructed following the Regge–
Teitelboim approach.
As a direct application of these results in the con-
text of supergravity, canonical BPS states saturating
a Bogomol’nyi bound for the conserved charges (26)
can be constructed [29]. One should expect that these
results extend to higher odd dimensions. Indeed, con-
served charges have been found in the purely gravita-
tional case following a different approach [30].
Overlooking regularity obstructs the construction
of well-defined canonical generators. Consider the-
7 Hereafter, the forms are defined at the spatial section Σ .ories with α = 0 which accept simple generic con-
figurations of the form (12), given by F K¯ = 0 with
det(F z) = 0. These configurations are generic but ir-
regular (and therefore not canonical), since δCz in
Eq. (13) identically vanishes. If one naively chooses
a configuration of this type as a background in the ex-
pression for the charges (26), one obtains that the U(1)
charge identically vanishes. This example simply re-
flects the fact that, for irregular configurations, U(1)
generator becomes functionally dependent, so that the
naive application of Dirac’s formalism within irregu-
lar sectors would lead to ill-defined expression for the
charges.
Canonical sectors represent typical initial configu-
rations around which one can prepare the system to let
it evolve. In its evolution, the system may reach de-
generate or irregular configurations. Although either
degenerate or irregular configurations are easily iden-
tified, it is not yet fully understood how to deal with the
dynamics around them in general, and it is clear that
one must proceed with caution. However, the analy-
sis of degenerate mechanical systems provide simple
models that describe irreversible processes in which a
system may evolve into a configuration with fewer de-
grees of freedom [16]. From these results one infers
that, under certain conditions, a CS system may fall
into a degenerate state from which it can never escape,
losing degrees of freedom in an irreversible manner
[16]; or it can also pass through irregular states un-
harmed [18].
The possibility that the fate of an initial configu-
ration in a canonical sector of a higher-dimensional
CS system could be to end in a degenerate state, leads
to an interesting effect: in Ref. [11], a new kind of
eleven-dimensional supergravity was constructed as a
CS system for the M-algebra. It was observed that the
theory admits a class of vacuum solutions of the form
S10−d × Yd+1, where Yd+1 is a warped product of R
with a d-dimensional spacetime. Remarkably, it was
found that a non-trivial propagator for the graviton
exists only for d = 4 and positive cosmological con-
stant, and that perturbations of the metric around this
solution reproduce linearized general relativity around
four-dimensional de Sitter spacetime.
Since this solution is a degenerate state one may
regard it as the final stage of a wide class of initial
canonical configurations that underwent a sort of dy-
namical dimensional reduction.
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Appendix A
On the reduced phase space φi
K¯
= 0, the generators
are
(A.1)GK¯ = −CK¯, Gz = −Cz + ∂iφiz,
and the smeared generators become
(A.2)G[λ] = 3k
∫
Σ
〈
λF2
〉+ ∫
Σ
〈
λz d
〉
,
where the 3-form = π − k({A,F}− 12 A3) is dual of
the constraints, i.e., jkl = φizεijkl .
The variation of the generators (A.2) yields
(A.3)δG[λ] = 6k
∫
Σ
〈λF∇δA〉 +
∫
Σ
〈
λz dδ
〉
.
Integrating by parts this expression in order to obtain a
well defined functional derivative, the leftover bound-
ary term is the variation of the charge
δQ[λ] = −6k
∫
∂Σ
〈λFδA〉 − 2k
∫
∂Σ
〈
dλz AδA
〉
(A.4)−
∫
∂Σ
〈
λzδ
〉
.
This expression can be integrated out provided the
connection is fixed at the boundary, as
(A.5)A → A¯ at ∂Σ,
where A¯ is a background configuration in the canoni-
cal sector. Then, the charges are
(A.6)Q[λ] = −6k
∫
∂Σ
〈λF¯A〉 − 2k
∫
∂Σ
〈
dλz A¯A
〉
,where the term proportional to  vanishes on the con-
straint surface.
Note that the second term 〈dλz A¯A〉 identically
vanishes when it is evaluated on the background A =
A¯, since gzKLA¯KA¯L ≡ 0.
Since the asymptotic behavior of the fields ap-
proaches a background configuration as A ∼ A¯ +A,
the parameters of the asymptotic symmetries are of the
form λ ∼ λ¯ + λ. In particular, λ¯z is a constant, and
then
(A.7)〈dλzA¯A〉∼ 〈d(λz)A¯(A)〉,
is a subleading contribution which vanishes as it ap-
proaches the boundary. Therefore, the charges are
given by (26)
(A.8)Q[λ] = −6k
∫
∂Σ
〈λF¯A〉.
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